1. [Maximum points: 4]
Hayley invests $2500 in an investment account pays 6.2% interest compounded monthly.
(a)  Find the value of the investment after 1 year. [2]
A different investment account pays r % interest compounded annually.

(b)  Find the minimum value of 7 so that it is more beneficial for Hayley to invest her [2]
money in this account. Write your answer to 2 decimal places.
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2. [Maximum points: 6]

The mass of apples produced on a farm is normally distributed with mean 150 g and
standard deviation 4.2 g.

(a)  Anapple is selected at random. Find the probability its mass is greater than 160 g. [2]
(b) Inasample of 1000 apples find [4]
(1)  the expected number of apples with a mass greater than 160 g

(11)  the probability more than 10 apples have a mass greater than 160 g
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3. [Maximum points: 6]

. cosx—1
Evaluate lim —
x—0 SIincx
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4. [Maximum points: 6]

Let f(x) =3x* — 16x? — 6x2 + 24x — 5. The diagram below shows the graph of y = f(x).

Y
x
(a)  Find the coordinates of the turning points. Write your answers directly on the [3]
diagram above.
(b)  Find the restrictions on the value of & if the equation f(x) = & has [3]

(1) 2 solutions

(11) 4 solutions
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h

[Maximum points: 8]

All 2000 students in a school are surveyed to find how many hours they studied outside of

class in one week. The results are shown in the table below.

Hours () | 0<h<4 | 4<h<8 | 8<h<12 | 12<h<16 | 16<h<20
Frequency 200 600 700 400 100
Cumulative

Frequency

(a) Complete the third row of the table.

(b)  Display the results on the cumulative frequency graph below.

Cumulative
Frequency

1600

1200+

800+

400+

Hours
(¢) Estimate

(1)  the median number of hours

(i1)  the mean number of hours
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6. [Maximum points: 8]
It is said that more than 2000 years ago Eratosthenes of Cyrene was able to calculate the
size of the earth by measuring the length of the shadow cast by identical vertical poles in
two different locations, one directly north of the other, at the same time of day.
The diagram below shows two vertical poles of height 1 m located at points 4 and B. The
ground at each of these points can be considered flat, tangential to the earth. You may

assume that the earth is a perfect sphere with radius » and centre O and the rays of light
from the sun are parallel.

—

Sunlight

%

The pole at point 4 casts a shadow which is 0.176 metres in length. The pole at point B
casts a shadow which is 0.177 metres in length.

(a) Show that £40C =9.98183°. [2]
(b)  Determine the value of the following to 5 decimal places. [4]
(1) <«BOC
(i) £B0OA

The distance between points 4 and B (arc length 4 B) 1s equal to 6 km.

(¢) Determine the value of 7. [2]
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7.  [Maximum points: 9]

Let f(x) =x3 —2x? + x — 1. The diagram below shows the graph of y = f(x) and the
tangent to the graph at x = 0.

y

(a)  Find the function /"'(x).

(b)  Find the equation of the tangent line. Write your answer in the form y = mx + ¢ where
m,c € 7.

(¢)  Find the coordinates of the point where the tangent line intersects with the curve
again.

(d) Find the area of the region completely bound by the curve and the tangent line.
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8. [Maximum points: 8]
Consider the series Sy =1+x+x% + - +x" 2 +x" ! wheren€ Z *.
(a)  Write down an expression for the value of §, in terms of x and n.
(b) Hence find f(x) if x” — 1 =f(x)Sx.
(¢) Show that
200 — 1= (29 = 1)(1 +29 +22¢ 4 .o 4 20(b=2) 4 pa(b= 1))
where a,b € Z 7.

(d)  Prove by contradiction that if 2”7 — 1 is prime then » must be prime.
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9. [Maximum points: 15]

Let f(x) = mx + sinx where m € E. The diagram below shows the graphs of y = f'(x) for
m=0.5and 1.

y

8-

21 21 X

(a) For —4n <x <4n sketch the graph of y = /' (x) when
(1) m=-0.25
(i) m=-—-1.1
(b) Find f'(x) writing your answer in terms of m and x.
(¢)  Find the conditions on m for f(x) to have an inverse function.
(d) Whenm=1 find jzf(x) dx.

The diagram below shows the graphs of y = f(x) and y =/ ~! (x) when m = 1. The area
completely bound by the graph of y =/ ~!(x), y = 1 and the y-axis is shaded.

y

(e) Find the area of the shaded region.
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10. [Maximum points: 18]
In this question all units of coordinates are cm.

A bowl is in the shape of the region bound by the graph of y = 3x — 60, the y-axis, y =0 and
v =30 rotated 360° around the y-axis. The bowl is filled with water to a depth of D.

V7
30+

7

(a)  Show that the volume V" of water in the bowl is given by

V- n(D? +180D2 + 10800D)
27

(b)  Find the exact volume of water in the bowl when it is completely full.

When bowl is completely full with it begins leaking from the bottom of the bowl at a rate of
50mem?/ sec.

(¢)  Find the length of time it will take the bowl to completely empty.
(d) Hence find the average rate of change of the value of D
(e)  One minute after the water starts leaking find

(1)  the value of D

(i1)  the rate of change of the value of D
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11. [Maximum points: 22]
The n'h term of a sequence is given by 7, =277,
(a) Find the sum of the first three terms.
(b)  Find the value of the largest term which is less than 1073.

Let /. 1 (x) =vxfn(x) where /| (x) =vx and x > 1.

(c)  Find the following functions writing your answers in the form x* where k € Q.

@D S2(x)

(i) f3(x)
(d) Iffu(x)=x2" hypothesise an expression for the function g(#).
(e)  Prove your answer to (d) using induction.

(f)  Evaluate log J;[ 710 (x)] writing your answer as a fraction.
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1. (a 2500[1 4 0.062 ] — $2659.48 MIAI
(b)  We have
2659.48 1 063792 M1
2500
So the minimum value of r 1s 6.38. Al
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2. (a) Use normalcdf with lower: 160, upper: 1 x 10%?, pu: 150 and o: 4.2.

The probability is therefore 0.00863.

(b)
(i)  0.00863 x 1000 = 8.63

(11)  Use binomedf with trials: 1000, p: 0.00863, x: 10.
So P(X<10)=0.750.

Therefore P(X > 10) =0.250.
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3.  The limit is of the form % so use ['Hopital's rule. RIMI1

lim SOSX¥ =1 _ iy _—SIDX i, AlAL
x—0 sinZx x—02sInxcosx x—0 2cO0sXx
This is equal to
U SR § MIAL
2cos0 2
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4. (a) One mark for each correct point AlA1A1
y

(4,-165)

(b)
(i)  x>24or—165<k< —40 AlAl

(1) —-40<k<24 Al
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h

(a)

(b)

(©)

Hours (h) | 0<h<4 | 4<h<8 | 8<h<12 | 12<h<16 | 16<h<20
Frequency 200 600 700 400 100
Cumulative |5, 800 1500 1900 2000
Frequency

Use the right-endpoints of the intervals for each x-coordinate and the
cumulative frequency for the y-coordinate.
Draw a smooth curve through the points.
Cumulative
Frequency
16001
1200
800+
400
4 8 12 16
Hours

(1)  Consider the value of 7 when the cumulative frequency is 1000.

The median is approximately 9.

(i)

1000
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6. (a) tan! l&l%] ~9.98183°

(b)
(i) tanll&lr/]=10.03739°
(i) 10.03739 — 9.98183 = 0.05556°
(¢) Wehave
0.05556 5 . _¢
360

So r=6190 km.
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(b)

(c)
(d)

f'(x)=3x? —4x+1
We have /'(0) = 1.
The equation 1s therefore

Y= (=D =1x(x~-0)

Giving
y=x-1

(2,1)
The area is

2
on—l—(x3—2x2+x—1)dx=1.33
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(b)
(c)

(d)

x"—1
x—1

X"—1l=(x—-DSpsof(x)=x—-1
Replace x with 29. We have
(290 —1=29 = 1)(1 +29+(29)2 + -+ (29)P "2+ (29)b 1)

So
20b 1= (29 — 1)(1 +29 +220 4 ... 4 2a(b=2) L pa(b—1))

I£ 2" — 1 is prime assume that » is composite. This means 7 = ab where
l<a,b<n.

However, by part (¢) this means that 2¢ — 1 is a factor of 2” — | which is a
contradiction.

So the assumption that 77 is composite must be false. So 7 must be prime.

Copyright © 2021 ibtaskmaker.com. All rights reserved.

Al

Al

Ml

Al

Al

Ml

R1

Al



(1)  The function has turning points.

The shape is approximately correct.

y

(i1)  The function is decreasing.

The shape is approximately correct.

y

-61

(b) f'(x)=m+cosx
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(¢)  The function needs to be an increasing function or a decreasing function.
So we need
m+cosx =0
or
m+cosx <0
Since —1 <cosx <1 this gives
m=1

or
m< —1

(d) Using a GDC jo £(x) dx = 6.93.

(e) Thisis equal to I:f(x) dx so the area 1s 6.93.
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10. (a) We have

D
V=7|:I
0

D

y +60

2 D 3
3 dyngO y2+120y+3600dy=g %+60y2 +3600y

0

This is equal to

3 3 2
T d—+60a’2 36004 = n(D3 + 180D 2% + 10800D)
3 27
3 2
(b) (307 + 180 x 32()7 + 10800 x 30) — 190007
C It will take 190007 = 380 seconds for the bowl to empty.
pty
b
d The average rate of change is therefore _30 = — 3 cm/s
g g
380 38

(e)
(1)  We have

(D? + 180D2 + 10800D)
27

Solve using any method e.g. using a graph

190007 — 60 x 507 =

6.5,16000m)

So D =26.5.
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. dv
We have — = — 50m.
(11) e have 7 s

Also

dv _ n(3D? +360D +21600) _ n(D? + 120D + 7200)

dD 27

dt  dD dt’

So

=50

9

Giving dD _ _.0406
dt
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m @ L4117 MIAL
2 4 8 8
(b)  We have
271 <107 Al
So
—nlog2 <log(107) Ml
Giving s
n> - 102U07) -6 6 Al
log?2
So the value is 2717 = —1 Al
131072
(c)
D) Sa) =Valx = x4 MIAL
(i)  f3(x)=vVx74=x78 MI1ALl
(d)  Use the geometric series formula to determine the exponent Ml
-]
2 2 _
g(n)zilzl—Z n AlAl
-~
2
(¢)  When n=1 the exponentis 1 —271 = % So it is true for n = 1. Al
Assume it is true for 7 = k. So the exponent is 1 —2°F. Al
For 1 = k + 1 the exponent will be (1 —27% + 1) x %z 1 —2-(k+D), MIA1
So itis true for =k + 1. Al
By the principle of mathematical induction it must be true foralln € Z *. Al
() We have
- (x1-27"
log(xt-27)=logxx =7 ) [x ]=2(1 _p-10)_ 2046 1023 MIAIAT

log:Vx 1024 512
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